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The problem of mechanical excitation of a suspended tire is studied experimentally and the-
oretically. The tire is considered as an elastic waveguide. Its numerical description is provided by
the Waveguide Finite Element Method (WFEM). A case of tire excitation by a d-shaped pulse is
considered, which corresponds to a short kick applied to some point of the tire. The paper focuses
on asymptotic analysis of the formal solution. Mainly, a forerunner is evaluated, which is a fast
non-stationary wave having an exponential decay. A modification of the saddle point method,
namely, a multi-contour saddle point method, is applied for such an estimation. In the framework
of this method, we look for the saddle points of the analytical continuation of the dispersion di-
agram of the waveguide, taking into account that the contours of integration form a family of
curves on the dispersion diagram. The tire pulse response is also measured experimentally. A good
agreement between the experimentally observed forerunner and its theoretical prediction is shown.

Keywords: transient processes in car tires, forerunner, carcass of the dispersion diagram,
complex dispersion diagram, multi-contour saddle point method.

Introduction

Tire road noise is known to be a significant contributor to the environmental noise. Naturally,
design of “quiet” tires is of great importance for different tire manufacturers. Investigations on
how tire noise is born are held since nearly the middle of the last century. A notable progress is
achieved, however there are still some unanswered questions on this topic.

The mechanisms of exterior noise generation by tires are usually divided into aero-acoustic
induced and vibration-induced ones . The first type is connected to turbulent air motion
mostly, and noise of the second type is produced as a result of interaction of tire vibrations to
the surrounding air. In the current paper we describe the generation mechanisms of the second
type, namely, we are interested in noise, which can be associated with certain tire eigenmodes.

We consider oscillations in a suspended tire, i. e., a tire not touching the ground. Such a
study makes sense since a lot of important processes happen on the part of the tire far from the
contact patch.

Since a tire is a resonator, it is natural to represent its motion as a sum of modes:
_ —iw, it+iv
U(t, @, Y) = Wy (Y)e e,

where U is the (vector) field of displacements in the tire, ¢ is the azimuth (or circumferential)
angle (0 < ¢ < 27), w,; is an eigenfrequency, j is a mode number, Y is the set of two variables
in the transversal cross-section of the tire. Function W, ;(Y') is a profile of the mode, its three
components describe polarization. Value v is an integer circumferential order of the mode.
There exists a number of papers (for example, ) devoted to classification of
tire modes. A good classification based on mechanisms of modes behavior could help in control
of resonances of a tire. However, it is not a simple task to categorize mode profiles W, ;(Y').
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Indeed, for any tire, one can distinguish a number of groups of modes, the profiles of which are
similar. For example, there can be identified a class of flexural modes, the cross-section of which
bends like a plate, while the circumferential motion is weak. Another class features a strong
circumferential motion. Each of these classes is quite numerous. The problem is that a tire also
has a lot of mixed modal shapes, which combine properties of different classes. This fact makes
the number of modal shapes groups big, such a classification is too complex and arbitrary.

A helpful idea is to introduce a waveguide associated with a given tire , which we call
a spiral tire. To build such a spiral tire, we assume that angle coordinate ¢ can take real values
from —oo to co. Then the circumferential order v becomes an (angular) wavenumber, and it can

take real values rather than integer ones. The modes in the spiral tire have the form
Wj (Y; V)efiwj (l/)t+i1/go'

Possible values of v and w form a real dispersion diagram with continuous modal branches w;(v).
Modes of the initial non-spiral tire can be obtained from the spiral tire dispersion diagram by
picking out the modes with integer v. Indeed, a tire in this formulation is a segment of a
waveguide, 0 < ¢ < 27, on the ends of which the periodicity conditions are imposed.

The modes of the spiral tire with similar modal shapes form branches of the dispersion
diagram. The mixed modal shapes appear, where these branches come closer to each other.
Usually, such behavior of the modal branches is referred to as avoided crossing , avoiding
crossing , mode repulsion , veering , diabolical points , mode splitting, double cusps,
osculation points , etc.

The most important reason for building the dispersion diagram of a “spiral tire” (or of any
other waveguide) is that it enables to predict the propagation speed for narrow-band modal
pulses. This concept is known as group velocity, and it can be considered as the speed of energy
transfer in a waveguide . The group velocity reasoning is based on the stationary phase
method. Namely, for given large ¢ and ¢, the point on the dispersion diagram with

dw ¢
w1 (1)

is a stationary phase point for the corresponding Fourier integral, and the field is estimated by
a local integration near this point. Thus, dw/dv can be treated as an angular group velocity.
The linear group velocity is

Vgr = TZ—L:, (2)
where r is the radius of the tire. In the standard analysis, this reasoning is held only on a real
dispersion diagram. The resulting field components may have some decay due to dispersion, but
the amplitude behaves like a power of propagation distance ¢ (not exponentially).

A research held by Bolton et al. showed that waveguide propagation in tires can be
observed experimentally. The authors excited a tire by a random force and measured velocity on
a tire surface at different points by a laser vibrometer. After the data had been processed, the
pulse response was obtained. Authors observed exponentially decaying waves, i. e., with v and
w having non-zero imaginary parts. Applying Fourier transform, the authors identified Re[v]
and Re[w] for the most effectively excited modes. To calculate Im[v], the authors applied the
Prony series method. The results showed that excited waves were formed by some spots of the
complex dispersion diagram (see below) of a “spiral tire”. Another result of the study was the
identification of the modal shapes of the excited modes. They are flexural modes with different
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transversal index j and a fast mode connected with extension of the tread and having strong
displacement in the circumferential displacement.

It was shown in , and later on in that the dispersion diagram for a
waveguide can be analytically continued into the domain of complex values of v and w to
obtain the complex dispersion diagram. In other words, the complex dispersion diagram is a
set of all, complex and real, solutions of the dispersion equation. Studying of the complex
dispersion diagram instead of the real one can help one to describe exponentially decaying
transient processes in a waveguide. Indeed, instead of the stationary phase method one should
use the saddle point method (which is essentially the same).

In the current paper, we develop a method to estimate a response on a d-shaped force
applied to some point on a suspended tire. Our method allows one to predict pulses in a tire and
find modal shapes corresponding to these pulses. We are especially interested in forerunners, the
propagation velocity of which is higher than any group velocity on the real dispersion diagram.
Such pulses are of interest in the context of tire noise because they can effectively radiate sound
into the surrounding air . The forerunners typically possess exponential decay, but this
decay is not strong enough to make the amplitude negligibly small.

Note that the forerunners are a diffraction phenomenon and their attenuation is not con-
nected to damping in tire compounds materials. In this paper we consider only the tires made of
materials without energy losses. Indeed, this is a slightly idealized formulation. Beside the sim-
plifications mentioned above, we ignore the interaction of elastic modes with the cavity modes
and the radiation of sound into the outer air.

In this paper we describe the wave process in the tire by a WFEM equation (see below)
and apply to it a technique similar to the one described in , i. e., we find the solution in the
form of a Fourier transform and estimate the integrals by the saddle point method assuming
that ¢ is large enough. As it is known from the standard theory, the saddle point method starts
with finding of the saddle (or stationary) points on the dispersion diagram, i. e., the points for
which the equation is valid for a given value ¢/t. Then, one should deform the contours of
integration in the initial integrals in such a way that they pass through some of the saddle points
and the integrand decays exponentially outside the saddle points. Finally, one should estimate
the integral near the saddle points.

Each saddle point on the complex dispersion diagram is related to three values: v, w, and
the ratio ¢/t. A set of all complex saddle points for all admissible (i. e., real) values of ¢/t is
called a carcass of the dispersion diagram. The real dispersion diagram belongs to the carcass
as a whole, but there are also important complex branches of the carcass that describe decaying
pulses. The latter can give significant contribution into the wave field for moderately large values
of .

Thus, to estimate the wave field, we make the following steps:

e study the complex dispersion diagram for a tire;

e search for carcass points in the complex domain of v and w;

e estimate their contribution into the field;

e sum up contributions from different carcass points.

The plan of the paper is as follows. Some details of the experimental data are described in
Section In Sectiona WFEM equation is formulated. In Sectionwe find a solution in the form
of double integral over v and w. Then, applying the residue method, we find modal decomposition
for the pulse response of a spiral tire. Also, a complex dispersion diagram is discussed. The
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carcass for a tire is built in Section The procedure of estimation of the contributions of the
carcass points is described in Section In Section@we compare the experimental results and
the theoretical predictions of the fast transient waves field. Then we make a conclusion.

1. Experimental Evidence of Forerunners in a Tire

Here we describe an experiment for measurement of the pulse response in a suspended tire.
The geometry of the experiment is shown in Fig.and Fig. A tire is excited by a force applied
to some point on the outer surface of the tire located at the sagittal (central) plane. The force
is directed radially towards the tire center. Let the azimuth coordinate of the source be equal to
0°. The time profile of the force is a 5—functio A detector is placed also in the sagittal plane
in different positions characterized by the azimuth angle ¢. The detector is one-axis, polarized
normally to the tire. The detector provides the oscillation acceleration a,, of a point of the tire.

Excitation

Detector

Figure 1. Side view of a tire

The front parts of three typical profiles of pulse response are shown in Fig.|3| From this
data, one can easily find that velocity of propagation of the maxima in the area t < 4 s is about
350 m/s, and velocity of propagation of maxima in the right part of the figure is about 70 m/s.
Let us compare these values to the values of the group velocities on the real dispersion diagram.

A real dispersion diagram for the considered spiral tire is shown in Fig.|4| Corresponding
group velocities are plot in Fig.|5| One can see that the maximum value of the group velocity
is about 250 m/s. Pulses propagating with velocities higher than this value are the forerunners,
in particular, the first pulse in Fig.is a forerunner. The slow pulse appears to be described by
the real dispersion diagram, and it corresponds mainly to flexural modes.

Due to the way of the excitation and the fact that the considered tire was almost symmetrical
with respect to the central plane, the most effectively excited modes must have significant radial
displacement in the central part of a cross-section. One can check that points satisfying this
characteristic are located below the line vy = 142 m/s, this area is shown by grey in Fig.
That is, we can expect that the wave field for 142 < r¢/t < 250 (m/s) is also formed by some
pulses, whose nature is close to the forerunners.

3Indeed, such time profile is a result of a correlation-based data processing. We omit details here.
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Excitation
A
Detector
(a) Source position 0° (b) Detector position ¢

Figure 2. Tire profiles at the source and the detector azimuth positions
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Figure 3. Pulse response of a tire
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Figure 4. Real dispersion diagram for the chosen tire

We should note that the critical velocity of the pulse in noise-related application is the
velocity of sound in air, that is 343 m/s under normal conditions. An elastic pulse that travels
faster can radiate a powerful airborne noise due to Cherenkov’s mechanism. Indeed, formally, this
should be the phase velocity of the pulse, i. e., the velocity of pulse maxima/minima. However,
as we see below, in our case the phase and group velocities are close to each other.
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Figure 5. Group velocities for real w for the chosen tire. Stationary points significantly con-
tributing to the field (due to the excitation way) are located in the grey area

2. Numerical Description of the Tire Using WFEM

We assume that the tire is homogeneous in the angular direction and that the tire cross-
section is described by a dense enough mesh. The field is described by values of three spatial
components of displacement in each of the mesh nodes. These values form a vector of unknowns
U(t; ¢). The dimension of this vector is 3N, where N is the number of mesh nodes on the cross-
section of the tire. It is shown in that a good mathematical model for such a tire
is Waveguide Finite Element Method (WFEM). The method is also called Semi-analytical finite
element method , Hybrid two-dimensional finite element method , Matriz Klein-Gordon
equation (MKGE) . In the framework of this method, the field is described by a partial
differential equation for U:

(D202 + D10, + Do — MO7) Ut,p) =F(t, ),  —00 < p,t < oc. (3)

The right-hand side F(t, ¢) is a vector that describes the excitation. Matrices Do, D1, Do, M are
constant; they depend on the tire structure and materials. Since we ignore the attenuation in
the materials forming the tire, matrices Do, D1, Dy, M are assumed to be real and having the
following properties:

M =M, DI'=D,, D! =-D,, D! =D, (4)

Besides, matrices M and Ds should be positive-definite, and Dg should be a non-negative definite
matrix. The matrices D,,, and M are provided by mechanical modeling (say, FEM-based) and
contain the whole mechanical structure of the tire. Below we do not consider this mechanical
matter and concentrate on the mathematical properties of . A brief derivation of WFEM
is described in .

According to the experimental set-up, we assume that the excitation is delta-shaped with
respect to ¢t and ¢:

Fo(t)d(¢),
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where F is a constant vector. Since the force is applied to a small spot on the tire surface and
has a radial polarization, we assume that F has a single non-zero component corresponding to
a node of application and a polarization of the force.

3. Formal Solution of the Governing Equation

Let us find a formal solution of . Let us apply the Fourier transform with respect to ¢
and Laplace transform with respect to ¢. The result is a linear algebraic system:

PU =F, (5)

where U = U(w, v) is a Fourier-Laplace image of U(t, ¢), P is a matrix defined as
P =P(w,v) = w’M — *Dy 4 ivD; + Dy. (6)
Matrix equation can be solved provided P is non-singular. By inverting the Fourier and

Laplace transforms, let us obtain a solution in a double integral form:

oo 0o+ie

1 .
Ut:9) = 1 / / P 1Fe?= %t 4o d, (7)

—00 —00+i€

where € is an arbitrary small positive value (it comes from the Mellin’s transform and enforces
the causality of )

Let us fix some value v and consider the inner integral. According to the Jordan’s lemma
one can close the integral in the lower half of the complex w-plane. Applying the residue method,
one can obtain the series-integral representation:

U(t, @) = —% Z / Res[P™'Fe?~ ™! w;(v)] dv, (8)

i o

where w;(v) are solutions of the dispersion equation
det P(w,v) =0 (9)

with respect to w that lie inside the enclosed integral contour on the w-plane. According to the
reality statement all poles of the integrand of the integral in belong to the real w-axis,
and, consequently, all of them participate in .

One can derive (see, for example, ) that

W,V;
Pfl . — JYJ 1
Res[ 70.)] (V)] 2OJ](V)V]MWJ ’ ( 0)
where W; = W(v,w;(v)) and V; = V(v,w;(v)) are eigenvectors of the left and right eigenvalue
problems:
PW =0, VP = 0. (11)
Hence,
[ W;VF
i ,
U _ wo—iw; (V)t dv. 19
b 4w Z w] V)V, MW; w; (V)V; MW, © v (12)
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The dispersion equation @ can be considered as an equation for w with a parameter v.
The equation has generally 6N solutions w;(v) (3N is the dimension of U). It has been shown
in that solutions w;(v) can be analytically continued into the complex domain
of v to form a Riemann surface R of a multi-valued function w(v), which is defined implicitly
by @ The index j over which the summation is performed corresponds to number of a
sheets of R. Taking this into consideration, one can rewrite as follows:

1 WVFEF o
- _ ivp—iw(v)t
o) =5 | sorvane v, (13)

E_j Vi

where v; are all preimages of the positively oriented real axis v on the Riemann surface R,
W =W(,w)), V=V(wk)).

The obtained solution li is valid for any waveguide. Its problem is that it does not give a
clear understanding of the field structure and of wave pulses propagating in the waveguide. To
obtain an insight into the transient processes, we apply a multi-contour saddle point method .
Unlike the usual saddle point method, to estimate , we need to perform the integration on
the Riemann surface R having a complicated set of branch points. Thus, before applying the
multi-contour saddle point method we need to study the structure of R.

In we demonstrated that it is relevant to consider the Riemann surface R as a
projection of a manifold H onto the v-plane. The manifold H is a set of all possible complex
solutions (w,v) of the dispersion equation, we call it a complex dispersion diagram. Note that
since points of H are restricted by one equation @, the manifold H has complex dimension 1,
which is real dimension 2.

Instead of projecting of H onto v-plane, one can project it onto w-plane. The result is the
Riemann surface R’ of a multivalued function v(w), the sheets of which are solutions of @ with
w taken as a parameter. Such projections result in branch points on the Riemann surfaces, which
should be taken into account while deforming the integration contours. Compared to R and R/,
manifold H is smooth, since it is defined by a polynomial equation @ Thus, the contours of
integration can be freely deformed on H.

Another consequence of the smoothness of H is that the corresponding modal shapes (eigen-
vectors) change smoothly when the point (w, ) is moving along a continuous curve on H. This
fact explains the interchange of the modal shapes near avoiding crossings of the real dispersion
diagram.

Also, we can make an obvious conjecture that manifold H is not connected, if, physically,
the waveguide can be split into isolated subsystems.

Let us make a short note on numerical solution of the dispersion equation @ Indeed, this is
a polynomial equation of a high dimension. We prefer to consider this equation as a generalized
eigenvalue problem, in which w? is the eigenvalue and v is a complex parameter. Modern systems
of linear algebra solve such problems very efficiently, namely, they are capable of finding, say,
about 50 smallest or largest eigenvalues. This fits our needs. All complex and real dispersion
diagrams below are built this way. As a by-product of this procedure, we obtain right or left
eigenvectors, i. e., solutions of .

We are going to use a formula for the angular group velocity :

dv 2vVDsW —iVD{W
Q= — = . 14
I dv 20VMW (14)
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The formula can be easily derived from . This formula allows us to avoid numerical differ-
entiation of the function w(v).

4. Carcass of the Dispersion Diagram

The main goal of the current paper is to estimate asymptotically the expression li and
indicate the parts of the complex dispersion diagram mainly contributing into the field by the
multi-contour saddle point method.

The equation can be rewritten:

i WVF

- T pivg(rw)
U(t, ¢) =), w(y)VMWe dv, (15)

where g(w,v) is a phase function
g(w,y):y—w/@, (16)

Q is a formal angular velocity
Q= p/t. (17)

According to the saddle point method, asymptotic estimation of an integral is a sum of saddle
point integrals, and the saddle points are the points where derivative of the phase function is

Z€ero:
dg(w,v)
dv

Substituting <b one can obtain . Note that we assume that

=0, p=(w,v) € H. (18)

Pg(w,v)
dv?

£0

p

at each saddle point. If this is not true, a more elaborate asymptotic (e.g., an Airy one) is needed
to be built.
Using function , we obtain the condition for finding the saddle point

Qg'r’(p) =Q, (19)

where the function Qg (p) is defined by .

Let us consider all points p € H, real and complex, and find the set of all such points that
Q(p) is real. Indeed, potentially any such point may become a saddle point for some 2. This set
is called a carcass of the dispersion diagram.

Not all points of the carcass contribute into the field. Namely, to estimate the integral
for certain (¢, ), one should deform the initial integration contour into the steepest descend
contour. The latter will pass through some points obeying the relation (and thus contribute
to the field), but not necessarily through each of them. The points p € H, through which the
steepest descend contour passes when ¢/t = 4.(p), are called active points of carcass, and the
rest ones are not active.

Obviously, points of the real dispersion diagram satisfy , i. e., belong to carcass. Moreover,
these points are active, because they define far field, according to the stationary phase method.
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A good example of active and not active saddle points is provided by an example based on
the integral representation of the Airy function:

Ai(¢) = ‘2/—5 / exp{i€/?(73 /3 + 1) }dr.

For large positive &, there are two saddle points, 7 = 44, but only the point 7 = 7 is active, since
the contour of integration should be shifted into the upper half-plane.

The procedure of deformation of the initial contour of integration into a steepest descend
one is quite complicated. Fortunately, there exists an efficient algorithm of finding the active
points on the carcass without making the whole deformation IEI The algorithm is as follows:

1. We consider only ¢, > 0, so carcass points with {1, < 0 are marked as not active.
2. Carcass points p with Im[g(p)] < 0 are marked as not active.
3. From other carcass points two contours of steepest descend of Im[g] are built. If
e both of them hit the real axis v, then the point is not active;
e both of the contours go to infinity on the complex plane v, then the point is also not
active;
e only one of the contours hits the real axis, then the point is active.

The results of building a carcass and finding active points on the carcass are shown in
Fig. |§| As one can see the carcass is composed of 1D curves (branches). We assume that each
branch corresponds to a certain mode shape (at least that the mode shape varies continuously
along the branch). Thus, one can associate a mode with each branch (corresponding pulses are
attenuating).
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Figure 6. Projection of the carcass on v-plane: found not active points (grey), active branches
(black)

Most of the active carcass branches start from the real axis. The points, where the complex
carcass branches start to grow from the real axis, are the points of the group velocity extremes
(maxima or minima). As it is known such points provide Airy-type asymptotics.
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There can exist points with negative group velocities on the real dispersion diagram (it can
be seen in the real dispersion diagram Fig. . It follows from the dispersion equation @ that
if a point with positive real ¥ and w has a negative group velocity, then the point (—v,w) has
the opposite (positive) value of the group velocity. Such points can also become start points for
some complex carcass branches. One of such active carcass branches can be found in the domain
Re[v] < 0 in Fig. [6]

5. Computing Field Asymptotics at Active Saddle Points

According to the saddle point method, can be represented as a sum of saddle point
integrals:

Ut p) = > Uumlt, 0), (20)

where U, (¢, ) is a contribution of the m-th active carcass point.

Since each active carcass branch is a curve on which {2 changes monotonically, a carcass
branch forms a pulse. Our plan is to calculate the field for each of the active carcass branches
and then sum them up.

Formula for a contribution U, of a carcass point (w.m, Vim) into the full wave field can be
derived in a rather standard way (see, for example, ):

1 1 [ dw W Vi F iem@itwemt
———exp{ —i | zarg [ S 4 21
omt | 58 exp{ Z <2arg < v ) o >} o VoMW, 2

Vim
where W, = W(Wam, Vam) and Vi, = Vi (W, Vam ) are the (right/left) eigenvectors at the
carcass point. The sign in is chosen as follows:

T < d?w <
— < ar — T
2 &\ w2 ” -
< d*w < T
—7 < ar —_— —.
& dv?|, 2
Let us recall that the detector measures the radial acceleration a, in the inner central point

of the tire cross-section ¢ (see Fig.. Similar to , value a,, can be represented as a sum of
the saddle point contributions:

Uim = 1

e “minus” if

e “plus” if

an(t) = Y (an)em(t). (22)

m

Each of the acceleration contributions (ay).«m is the second time derivative of the corresponding
saddle point contribution into the displacement field (uy,)sm:

(an)sm(t) = _Wzm (n)sm (t). (23)

A displacement contribution ()« is the necessary component of the vector U,,, calculated

by .

In Fig.we plot examples of the pulses formed by some of the active carcass branches. The
detector position was ¢ = 100°. The legend of the figures shows the point on the real v-axis,
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where the active carcass branches start to grow into the complex domain. For example, the most
left black branch in Fig. @ intersects the real axis at v &~ —3.08. According to the legend for
Fig. ), this value corresponds to the black dashed line.

One can see that most of the pulses are oscillating and attenuating for small ¢t. Another
observation is that there is no prevailing pulse, which determines the field for small ¢. Instead,
there are few dozens of pulses, the amplitude of which are of the same order.

3000 | 150 ¢
vy = 10.02 I vy = 0.71
1 100 t
2000 t .
I 50 k
T 1000 | ! 3
g ! g 0
f L =
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0t 50
-100 }
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s s s s ' -150 s s ‘ ‘ ;
0 0.002 0.004 0.006 0.008 0.01 0 0.001  0.002 0.003 0.004 0.005
t(s) t(s)
a) b)

Figure 7. Examples of pulses formed by some of the found active carcass branches. The detector
is placed at ¢ = 100°

6. Comparison of the Experimental and Theoretical Results

Finally, we find the sum of the calculated pulses for the tire and compare it to the experi-
mental results (see Fig.. The black curves in the figure show the saddle point asymptotic, the
grey ones show the experiment data.

The area, where the stationary points of the real dispersion diagram can contribute to the
field, is highlighted by light grey. As it was discussed in Section the boundary of this area
is defined by the maximum group velocity on the real dispersion diagram corresponding to a
modal shape with strong radial displacement in the center of a tire cross-section. Since we have
considered only the complex branches of the carcass, the curves are not supposed to coincide in
the grey area.

We observe that before the light grey domain our method describes the wave field adequately.
We obtain that the forerunners field is formed by approximately 20 complex carcass branches.

It is worth to recall also that we excluded dissipation losses from our model. Probably, if
there were a good instrument to describe the attenuation correctly, even better results could be
obtained. However, the problem of description of energy losses in tires is known to be difficult.
In a suspended tire the attenuation occurs, mainly, due to the hysteretic character of rubber
deformation (see, for example, E])
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Figure 8. d-pulse response of the tire for different detector positions: experimental results (grey
curves) and the saddle point asymptotics (black curves). Light grey area is the area, where the
stationary points of the real dispersion diagram start to contribute

Conclusion

In the current paper, we study non-stationary forerunners in a mechanically excited sus-
pended tire. The consideration is held experimentally and theoretically.

The theoretical model of the tire is provided by a WFEM equation . A formal solution is
obtained in the form of a sum of integrals . We apply the multi-contour saddle point method
to evaluate the field contribution corresponding to forerunners.

In the framework of the method, firstly, we compute the complex dispersion diagram of the
tire by numerical solution of the eigenproblem . After that, we find a carcass, i. e., a set of
points on the complex dispersion diagram, on which the value of dw/dv is real. Then, we classify
the found carcass points into active and not active ones by means of the algorithm developed
in @ . The active carcass points are shown to form branches, each of which corresponds to
a certain pulse. Finally, to obtain an asymptotic estimation of the non-stationary field, we sum
all the calculated pulses.

An asymptotic estimation of a pulse response for a tire is calculated by this method. Then it
is compared to the tire pulse response obtained by the experiment briefly discussed in the paper.
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A good agreement is observed between the theoretically predicted shape of the forerunners and
the experimentaly measured pulses.

An important and slightly unexpected conclusion is that the forerunner is described well
only by a considerable number of carcass branches (about 20). This probably means that the
forerunner is a ray pulse rather than a modal pulse. Still, we are not aware of a convenient
theory of rays in systems described by WFEM equation. Our finding may be a good motivation
for building of such a theory.

This paper is distributed under the terms of the Creative Commons Attribution-Non Com-
mercial 3.0 License which permits non-commercial use, reproduction and distribution of the work

without further permission provided the original work is properly cited.
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